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Background

Tensor Regression

(c) Facial images (d) Video sequences
Multi-way data (tensor) (Liu et al., 2021)
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Background
Tensor regression

Linear regression:
Yi = B X; + oey, et~ N(0,1)

where y; € R, B3 € RY, x; € RY.
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Background
Tensor regression

Linear regression:

ye=B"X¢+ o, et ~N(0,1)
where y; € R, B3 € RY, x; € RY.
Tensor regression:

yi = (B, Xt) + oet, et ~N(0,1)

where (,) denotes the inner product, B, x; € R%*%x...xdu,
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High dimensional data

Dimensionality reduction has been a key area of interests in learning from
high-dimensional data, to cope with n << p problems.
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Dimensionality reduction has been a key area of interests in learning from
high-dimensional data, to cope with n << p problems.
Computational bottleneck

Traditional dimensionality reduction techniques, e.g., PCA, LDA, SDR, despite of their
effectiveness are computationally prohibitive when number of regressors is large.

v

Random Projection

Random projection is computationally efficient and has been successfully applied in
many fields (Johnson and Lindenstrauss, 1984). However, its application in
tensor-valued data is still under-explored in literature.

A\
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Contribution 1/3 - Projections

Tensorized Random Projections RPt>>Pn —, [RG1> > Aw

@ Random Tensor Train (TT) (Oseledets, 2011) or Canonical Polyadic (CP)
low-rank tensor and inner product random tensor and predictor tensor
(Rakhshan and Rabusseau, 2020) RP' > *Pv — R

@ Count Sketch (CS) Charikar et al. (2004) and HCS and n-mode product along
each mode for 3-mode tensors, preserves the data structure (Shi and
Anandkumar, 2019) (RP1*P2xPs _ RI1*XG2X%)
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each mode for 3-mode tensors, preserves the data structure (Shi and
Anandkumar, 2019) (RP1*P2xPs _ RI1*XG2X%)

v

Our contributions

@ A generalized tensor random projection: some modes are projected
separately, whereas other modes are projected jointly or preserved.

@ Concentration inequalities for the proposed tensor projection.
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Contribution 2/3 - Modelling

Random Projection (RP) and applications

@ Nearest neighbor search Indyk and Motwani (1998); Ailon and Chazelle
(2009); Datar et al. (2004)

@ High-dimensional classification Chakraborty (2023); Li et al. (2021);
Cannings and Samworth (2017)

@ Data privacy Li and Li (2023); Gondara and Wang (2020);
Anagnostopoulos et al. (2018)

@ Inference for large regression models Guhaniyogi and Dunson (2015);
Farahmand et al. (2017) and dynamic regressions Koop et al. (2019).

v
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Farahmand et al. (2017) and dynamic regressions Koop et al. (2019).

v

Our contribution

Apply RP to Bayesian tensor regressions (Guhaniyogi et al., 2017;
Guhaniyogi, 2020; Billio et al., 2022, 2024; Luo and Giriffin, 2025; Casarin
et al., 2025). We consider scalar—on—tensor linear regressions.
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Contribution 3/3 - Inference

Bayesian Inference and RP

@ Bayesian model averaging and posterior consistency for
compressed regressions (Guhaniyogi and Dunson, 2015;
Mukhopadhyay and Dunson, 2020).

@ Data sketching and stacking Gailliot et al. (2024).

Our Contribution

@ Provide Markov chain Monte Carlo procedures for posterior
approximation under alternative prior specifications.

@ Provide posterior consistency results built on general theory of
Jiang (2007).
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Random Projection

]
= X (1)

R H—>H

kxp px1 x 1

Key idea:
@ The random matrix R compresses a high-dimensional vector x € R?
@ into a lower-dimensional representation z € R, where k < p.
@ Entries of R are typically sampled as

+1 wp 2w
Ri=vV¥3{0 wp 1-%, ¢eN @)
-1 wp 55
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Random projection

Johnson-Lindenstrauss Lemma (Johnson and Lindenstrauss,

1984)

Given ¢ > 0 and an integer n, let k be a positive integer such that
k > ko = O(c 2 log n), for every set P of n points in RY there exists
f:RY — RK such that for all u, v € P

(1 =) llu—v|I* < If(u) = f(V)I* < (1 +e) Ju—v|?
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Random projection

Johnson-Lindenstrauss Lemma (Johnson and Lindenstrauss,

1984)

Given ¢ > 0 and an integer n, let k be a positive integer such that
k > ko = O(c2log n), for every set P of n points in RY there exists
f: R — RK such that for all u, v € P

(1 =) llu—v|I* < If(u) = f(V)I* < (1 +e) Ju—v|?

Achlioptas (2003)

Let P be an arbitrary set of n points in R9. Given ¢, 5 > 0, for integer
k > ko = (44 28)(e?/2 — 2/3) ' log n, let R be the d x k random
matrix with entries i.i.d from (2) and f : R — RX defined in (1). With
probability at least 1 — n=?, forall u, v € P

(1 =) llu—v|I* < If(u) = f(V)I* < (1 +¢) Ju—v|?
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A Compressed Bayesian Tensor Regression (CBTR)

Tensor regression

Yi =+ (B,GTRR(X)) + o5j, & N(0,1) (3)

where j = 1,...,n, B € R%*x is the coefficient tensor, X; € RP % *Pv ig
the covariate tensor for the jth observation.
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A Compressed Bayesian Tensor Regression (CBTR)

Tensor regression

Yi =+ (B,GTRR(X)) + o5j, & N(0,1) (3)

where j=1,...,n, B e R%"*xM is the coefficient tensor, X; € RP1 > PN s
the covariate tensor for the jth observation.

Generalized Tensor Random Projection (GTRP):

RP1X---XPN s RG1X..-Xqm

GTRP(A)) = Xjx1H;i x2... xp HRX Rr1:.NHR+1:N> (4)
@ with R < M < N, where X € RP1*--*Pn s g covariate tensor

@ X, and x,;, denote the n-mode and the n-to-m mode products (Kolda
and Bader, 2009)

@ Hp e RIPn - m=1 ..., Rarerandom projection matrices.

@ H € RIr+1X---XAuxPr+1X---XPN jg 3 M-mode random projection tensor.
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Concentration inequalities

Define c(N, M) = p(N)/q(M), p(N) =TTy Pm, and g(M) = [I;n_; Gm. GTRP(X)
preserves the distances between points in the original sample spaces, uniformly in
p(N) and N.

Theorem 1 (JL inequality for mode-wise random projection)

LetX be an arbitrary set of n order N tensors in RP**-*PN_ Define

GTRP(X) = X x1 H; Xz ... xn Hn, where the entries of Hn € RP"*9 form=1,... N
follows the distribution given in (2). Define the multilinear mapping

f(X) = \/c(N)GTRP(X) from RP1 >~ *PN fo R+ X N,

Given e, 8 > 0 and a sequence of positive integers g; j = 1, ..., N such that g(N) > qo
with
4+24
Qo = T2 @ aa log n,
3V_1 ~ 3BN-1)3

with probability at least1 — n=?, and for alli{,V € X, f satisfies
(1 = U = VI? < W) — fV)I* < (1 + )t — VI®
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Define c(N, M) = p(N)/q(M), p(N) =TTy Pm, and g(M) = [I;n_; Gm. GTRP(X)
preserves the distances between points in the original sample spaces, uniformly in
p(N) and N.

Theorem 1 (JL inequality for mode-wise random projection)

LetX be an arbitrary set of n order N tensors in RP**-*PN_ Define

GTRP(X) = X x1 H; Xz ... xn Hn, where the entries of Hn € RP"*9 form=1,... N
follows the distribution given in (2). Define the multilinear mapping

f(X) = \/c(N)GTRP(X) from RP1 >~ *PN fo R+ X N,

Given e, 8 > 0 and a sequence of positive integers g; j = 1, ..., N such that g(N) > qo
with
4+24
Qo = T2 @ aa log n,
3V_1 ~ 3BN-1)3

with probability at least1 — n=?, and for alli{,V € X, f satisfies
(1 = U = VI? < W) — fV)I* < (1 + )t — VI®

Special case: N = 1
Qo ~ (4+28)(¢/2—¢/3) logn
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Bayesian Tensor Regression - Priors

Specification 1: Independent Gaussian and inverse gamma

B~ TNpy o0, %1, .., Zm), p~N(0,02), o ~ZIG(a,b).

Specification 2: PARAFAC hierarchical prior (Guhaniyogi et al.,

2017)

Let o be the external product of vectors, and 75,‘,’), m=1,... M, d=1,...,Dthe
Parallel Factor (PARAFAC) margins
B= Z’y oy,
YD~ Nan(0,7COWED), 7 ~ TG(ar, br), W) ~ Exp(MS))?/2),
M9 ~ Ga(ax, by), (¢,...,¢P) ~ Dir(a,...,a)
where W) = dlag(w,(n‘ﬂ gocar W,(n‘fl).m W,(,,dz,m)
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Bayesian inference: posterior approximation

The joint posterior distribution

F(vD, @ 7 2\D W 52 |y GTRE(X)) is not tractable, we

approxmated it using a Gibbs sampling procedure. The full conditional
distributions of the Gibbs sampler are:
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Bayesian inference: posterior approximation

The joint posterior distribution

F(vD, @ 7 2\D W 52 |y GTRE(X)) is not tractable, we

approxmated it using a Gibbs sampling procedure. The full conditional
distributions of the Gibbs sampler are:

@ Draw 75,‘,” from a multivariate normal distribution (back-fitting)

(S |y, GTRR(X), y_pms 7. C, W, 11, %) foOr
def{l,....,D},me{1,...,M}.

@ Draw ¢(9 from the GIG distribution £(¢(@) | 4(9), 7, w(d).

© Draw 7 from the GIG distribution f(r|~,¢,w).

@ Draw A from (AP | 419 7 () which is a Gamma distribution.
@ Draw W,(ndj) from the GIG distribution f(w,, (d) | Vm,jm’ m ,qg ().
© Draw o2 from the IG distribution f(o?|y, GTRP(X),,u,’y).

@ Draw 4 from the Gaussian distribution (1 | y, GTRP(X), v, 02).
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Bayesian Tensor Regression - Model averaging

e Single random projection: a risky approach, as the projection matrix can be

far from optimal. We focus on prediction and propose to use Bayesian Model
Averaging (BMA).
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Bayesian Tensor Regression - Model averaging

e Single random projection: a risky approach, as the projection matrix can be
far from optimal. We focus on prediction and propose to use Bayesian Model
Averaging (BMA).

BMA predictive density

Let M, be a model based on GTRP(“)(-) with predictive density
fo(- | GTRP (X4 ), D, My), D = {(¥}, GTRP(X))),j = 1, ..., n},
0 = (u®, B, 52"). The BMA predictive density is

L

{nsjr | Xnijrs D) = > pe(Me | DYfo(Vnijp | GTRPO (X, 1), D, M)
=

J=1,..., mwith m the validation set size.

e Posterior weights p,(M, | D) are estimated via reverse logistic regression
(Geyer, 1994).
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Posterior Consistency
Main Result

Let fy denote the true predictive density and f the posterior predictive
density under compression. Assume all the covariates are bounded
and certain assumptions hold (next slide).

For a sequence ¢, satisfying 0 < 2 < 1 and ne2 — oo,

Eor |d(f,10) > 4en | (1 X)Ly | < 467572, (5)
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Posterior Consistency

Key assumpstions

1. Controlled Model Complexity
The compressed dimension grows sublinearly g, = o(n).

2. Well-Behaved Prior (Gaussian prior)

Eigenvalues of covariance matrices are bounded: )\, < A < Xn. Prevents overly
diffuse or degenerate priors.

3. Norm Preservation (Gaussian prior)
Random projection approximately preserves || X||.

4. Covariate entropy control (PARAFAC prior)

Controls the complexity of the model by bounding the projection norm ||GTRP(4)||, the
PARAFAC component D, and the number of coefficients DS "_, qm.n.

5. Appropriate contraction rate ¢, (PARAFAC prior)
The posterior contracts, at a rate slower than n~', but still converges.
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Numerical lllustration - Settings

True coefficient values, Bo, in (Bo, &)  with iid X;.

circle (Cl)  cross (CR) Ilne (L) block (B
n [: -' m

@ Type of random projection: tensor-wise and mode-wise (1 and 2).

@ Covariate tensor dimensions: 20 x 20 and 60 x 60 mode-2 tensors.
@ Number of observations: from 500 to 2000 at an interval of 500.

@ Compression rate, defined as r = q(M)/p(N) with p(N) = Hﬁﬂ Pm, and
q(M) =TT G-

@ Sparsity coefficient ¢ used in generating projection matrices
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Numerical lllustration - Fitting, 60 x 60 Block Setting

(a)True coefficient, By. (b)-(c) Actual data (hor-
izontal axis) against the predicted data (vertical
axis) using L = 10 independent projection matri-
ces of the same random projection type (colors).
Training n = 1000, compression rate: r = 0.36,

sparsity parameter i) = 3.

(b) Tensor-wise (c) Mode-wise (2)

Predicted y
Predicted y

-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0
Truey Truey
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Simulation studies: forecast fitting

True T™W MW (1) MW (2)

|
A

Figure: Simulation results: actual data against the predicted for different levels of sparsity
(rows) and different types of random projections (columns), using 10 independent projection
tensors (colours). For each plot: training sample size: n = 1000, compression rate: 0.36, ¢ = 3.
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Simulation studies: RMSE

RMSE Comparison across different types of random projections RMSE for Cross with different training sample size
35
[ ~@- Cross ﬁ/o\.“‘
\\ #- Circle 29
N ~#- Lines
30 AN —— Blocks

™w Mw MW(1) Mw(2) 500 1000 1500 2000
Projection Types Training Sample Size

Figure: RMSE comparison across different types of random projection and different
configurations in the baseline setting (top) and different sample sizes (bottom) in the 60 x 60
dimension case. Each estimate is obtained BMA over L = 10 independent projection matrices
and 500 data points from the validation set.
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Empirical application

macro and financial indicators on stock return

Goals

@ We contribute to the debate on the interdependence between financial and oil
markets (see, e.g., Xiao and Wang, 2022; Xiao et al., 2023)

@ We compare the performance of different models: BTR, CBTR with different
types of random projections (with and without mode preserving).

v

@ Oil price volatility is classified into Good Oil Volatility (GV), where the realized
volatility is positive, and Bad Qil Volatility (BV), where the realized volatility is
negative.

@ Other covariates are the Exchange Rate Volatility (ER), TED Spread Volatility
(IR) and VIX Index Volatility (VI), 3-month T-bill rate (TB) and bond spread (BD)
following a similar specification as in Xiao and Wang (2022).
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Empirical application

@ Different from Xiao and Wang (2022), we consider Mixed Data Sampling
(Rodriguez and Puggioni, 2010).

@ y; is the monthly log-return of market (S&P 500) at time t. Time span: May 1990
to January 2022.

@ Covariates sampled daily at the 1st to 22nd day before month t:
t—1/22,t—-2/22,...,t—22/22.

@ X; € R7*22%4: variables x daily data x monthly lags.

@ Training sample size n = 350.

th72‘72773+| GVF%,S,1 GVF%HBM GV!*'a
4 BVi 3 prr BVig e o BVig g BVig
ER_ s st ERiz i - ERig gy ERey
Ye=np+ Z Biiys | Besnr Regwn = Rogan Ry | ) +o0er, (6)
i3=1 Vieg o Vliez g 0 Vg Vi
B gt 1Bz g o TBg iy TBy
BDt—ﬁﬂaH BD!*%*'& S BD!*%*@ +1 BDj,

where (i3) = {(i1, o, i3), in € {1,. .., pn},Vh # 3} and By, denotes the isth slice of
tensor coefficients B along the third mode.
Q. Wang (CFU) CBTR 22/39



Empirical application

BTR CBTR-TW CBTR-MW(1)
Kk g m‘m\ il .| “,\\ " HU\‘ m M‘,‘u Wl s ‘\,, w\M mhu
‘l“\“‘ ‘:;‘.“M \l Ll ‘“'u ‘U“\‘ J‘”‘“ i \\ ‘:‘ |“\ '.‘i I "“ I ‘L\‘H w“! ‘M H ™ ‘W\‘\f““\“‘ il ‘!m\"“‘ 0 \L\‘H N‘ ‘M

Figure: Fitting comparison between BTR and CBTR with different random projection
methods. First row: in-sample fitting. Second row: out-of-sample prediction. True data
are shown in gray solid line, predicted values are shown in blue solid line, light and
dark orange colors represent 95% and 50% credible interval, respectively.
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Empirical application

Table: RMSE of predictions of BTR and CBTR with different types of random
projection methods.

BTR CBTR

™ MW MW(1) MW(1,2) MW(1,3) MW(2,3)
In-sample  0.0338 | 0.0355 0.0346 0.0356  0.0333  0.0323  0.0329
Out-sample  0.1148 ‘ 0.0676 0.0623 0.0723 0.0383  0.0600  0.0508

Q. Wang (CFU) CBTR PYVED)



Guidelines for implementation

1. Type of projection
@ Prefer mode-preserving projections over tensor-wise.
@ In worst case, mode-wise performs at least as well as tensor-wise.

@ Use exploratory sparsity analysis to decide which modes to compress. For
instance, a screen-then-compress strategy, as proposed by Mukhopadhyay and
Dunson (2020) or Gailliot et al. (2024), can be adapted for this purpose.

2. Projection sparsity
@ Moderate sparsity (e.g. ¥ = 3) is a good default.
@ Consider more conservative sparsity (e.g. ¢ = 2) if computation allows.

3. Model uncertainty
@ Use Bayesian Model Averaging or Predictive Stacking.
@ Avoid relying on a single projection.

Q. Wang (CFU) CBTR 25/39



Conclusion

@ A new Bayesian tensor regression model with compressed covariates via
random projection.

@ A new generalized random projection technique to compress tensor structured
data.

@ Strong theoretical results on concentration properties of random projection and
convergency properties of Bayesian inference.

@ Few extensions can be considered for future research

@ A pre-screening step to discard predictors with low marginal
correlation as proposed by Mukhopadhyay and Dunson (2020) and
Gailliot et al. (2024).

e Bayesian predictive stacking (Gailliot et al., 2024) as an alternative
to BMA.

o Alternative construction of projection tensors (e.qg.
Kronecker-based, tensor train-based, etc.).

o Potential applications to data privacy.

Q. Wang (CFU) CBTR 26/39
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Bayesian inference: convergence properties

Definition 1 (Posterior consistency)

The posterior distribution (- | D\") is said to be weakly (strongly) consistent
atfy € © if (0 : d(6,60) > e | D) — 0 in P(S:) -probability (almost surely),
asn— oo, forevery e > 0.
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atfy € © if (0 : d(6,60) > e | D) — 0 in P(S;’) -probability (almost surely),
asn— oo, forevery e > 0.

Finite-dimensional and parametric models
Doob’s theorem (Doob, 1949) and Schwartz’s theorem (Schwartz, 1965).
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Bayesian inference: convergence properties

Definition 1 (Posterior consistency)

The posterior distribution 7,(- | D) is said to be weakly (strongly) consistent
atfy € © if (0 : d(6,60) > e | D) — 0 in P(Sg’) -probability (almost surely),
asn— oo, forevery e > 0.

Finite-dimensional and parametric models
Doob’s theorem (Doob, 1949) and Schwartz’s theorem (Schwartz, 1965).

Infinite-dimensional and nonparametric

Contract rate of posterior convergence: The posterior is said to contract at
rate ep — 0 if mn(f : d(f, f)) > Mpep | D) = 0 in Pé”) -almost surely, for every
M, — o0 as n — .

Ghosal et al. (2000) established sufficient conditions to show convergence of
posterior measures.
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Bayesian inference: convergence properties

High-dimensional with compressed data

@ Jiang (2007) established sufficient conditions based on Ghosal et al.
(2000) and shows tailored Bayesian variable selection priors lead to
near parametric rates in estimating the predictive distribution f(y | x).

@ Guhaniyogi and Dunson (2015); Mukhopadhyay and Dunson (2020)
show that Bayesian regression with compressed data also enjoys similar
theoretical guarantees.

v

Contribution of our paper

@ Extension of Guhaniyogi and Dunson (2015); Mukhopadhyay and
Dunson (2020) to accommodate tensor-valued covariates.

@ Study the consistency under different projection methods and different
priors (PARAFAC).
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Background: (Jiang, 2007, Theorem 4)

Sufficient conditions

@ Entropy condition: log N(c,, P) < ne2 for all large n. Controls
the complexity of the model space P, by bounding the covering
number.

© Tail mass condition: w(P¢) < 2™ for all large n. Ensures that
the prior puts negligible mass outside the model space.

© Prior concentration condition: 7 (f s ai(f, o) < %) > g—neh/4

for all large n. Guarantees that the prior puts enough mass near
the true density f; (KL neighborhood).

The predictive density is said to contract at rate e, — 0 if
wn(f 2 d(f, 1) > Mpe, | D) — 0 in P\ -almost surely, for every
M, — oo asn— oo.
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Sketch of proof: Setup and Notation

@ Tensor predictor: X; € RP1>*Pp

@ Compressed predictor: GTRP (X))

@ Predictive density: f(y | (B,GTRP(4))))

@ Hellinger distance: d(f,fy) = [[(Vf — /Ty (dy)vx(dX)

@ Prior: B~ N(0,%1,Y5,X3)
Let P, be the class of predictive densities induced by by € [—bn, b,
where by is the (jkl)th entry of B. Equivalently: B € [—bp, by]% where
an = I1a=1 9o.n-
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Sketch of proof: Condition 1: Entropy Bound

We want:
IOg N(gn, Pn) < n5,27

Sketch:
@ Cover bjy € [—bn, bp] with £>-balls of radius d,
@ Lipschitz continuity of GLM ensures:

d(fs, fc) < |B—Cll2

@ Choose §, = ¢, sO:

log N(en, Pn) < gnlog <bn>

€n

@ Condition is satisfied if:

Qnlog <fn> < ns,z,

n
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Sketch of proof: Condition 2: Prior Mass Outside Sieve

We want:
7[_(73;;;) S e—2n6?7

Sketch:
(] 'Pnc = {B : ij/, |bjkl‘ > bn}
@ Use Gaussian tail bound:

(|bj| > by) < e b3/ (2Rn)
@ Union bound over g, dimensions:

W(Pﬁ) < gn - e_b%/(zj‘n)

@ Choose b, = /8Anne2 to ensure exponential decay
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Sketch of proof: Condition 3: Prior Concentration Near

Truth

Goal: Show the prior puts enough mass near the true model f, by bounding

w(f:d(f,f) < 1e2) > e /4

Sketch:
@ Let By be the true tensor coefficient and (X}, By) the true signal.

@ We can show that for all large n:
P (I(cTRR (%), B) — (X, o) | < 52 ) > exp {2 }.

@ LetS= {B: [(GTRP(X}), B) — (X, Bo)| < %}
o di(f.f) = [[ fo( )Vy(dy)Vx(dX) -

Ex [g(u™) ({(GTRE (X)), B) — (&), Bo))]-

@ Choosing |g(u*)| < n implies that d;(f, fy) is a subset of S, hence
confirming condition 3.
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Numerical lllustration - Sparsity

RMSE for Lines with different ¢ RMSE for Blocks with different ¢

-—— L e —

[ [

@ Projections with different sparsity levels and random projection
types: TW (blue), MW (orange), MW(1) (green), and MW(2) (red).

@ m = 500 test samples, sparsity levels (¢ € {2,3,4}) (horizontal
axis).

@ In most scenarios (Cl, CR, and L), mode-wise random projection
has the lowest RMSE

@ V-shape curve for mode-wise suggests a moderate sparsity is

preferred.
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Numerical lllustration - Compression rate

Predicted y

Predicted y

Scatter plot for Cross with training sample size 500

RMSE for Cross with training sample size 500
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